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A Dynamic Model and Turning Strategy of a Laterally-
Tiltable and Self-Balancing Two-Wheeled Robot

Wei-Shun Yu and Pei-Chun Lin

Abstract—This paper describes the development of a two-wheel
balancing robot capable of actively changing its posture in the
lateral direction to facilitate the turning motion. The work
includes the development of a mechanism and the control strategy
for both self-balancing and lateral motion control. The dynamic
model of the robot was developed using the Lagrangian approach,
and it was utilized as the plant of the motion controller. To validate
the performance of the tiltable design and controller of the robot,
the robot was experimentally evaluated, and its performance was

compared to that of the robot without using the tiltable mechanism.

keywords: Two-wheeled robot, Self-balancing, dynamic, tiltable,
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l. INTRODUCTION

N the past few years, many teams studied the dynamic model

and controller design of self-balancing two-wheeled robots.
The model of a self-balancing two-wheeled robot could be
simplified to an inverted pendulum system, a classic control
topic. It has been discussed in the academic field and specialized
in its model or control theory improvement for different
functions. The theory of dynamic balance was first proposed by
Japanese scholars in 1994 [1, 2]. The platform achieved self-
balancing and movement on a 2-D plane using the Lagrange
equation to derive a model and pole placement controller.

The most famous work of self-balancing two-wheeled robots
in the academic field is JOE [3], published by German scholars
in 2002. It analyzed the dynamic model using Newtonian
mechanics and linearized the non-linear at the lateral axis of the
two-wheel. They also design a control system consisting of two
decoupled state-space controllers for balancing the robot and
turning. JOE could move stable at 1.5m/s and travel on a 30-
degree inclined plane. We find that most self-balancing two-
wheeled robot linearize their model at a pitch angle of around 0
and design their controller [4-6]. Different controllers adapt to
the external environment and adjust their control parameters to
achieve more stable control. For example, an adaptive neural
network controller could adjust balancing control parameters to
achieve more stable movement [7]. Some controllers are used to
achieve different controller targets for the non-linear part of the
dynamic model. Using sliding mode control (SMC) handles
disturbances [8] or improves pose change performance [9]. On-
line adaptive PID controllers overcome parameter variations
[10]. A fuzzy controller achieves travel and position control [11]
or finds better control gain [12]. In the commercial market,
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some vehicles utilize two-wheel inverted pendulums as a mode
of mobility. A well-known example is the Segway [13], a
personal transporter designed by DEKA company in 2001.
Segway could achieve stable forward movement by balancing
through multiple gyroscopes. Users could control the forward
speed of the vehicles through their pitch angle without keeping
the vehicle balanced. However, due to vehicle regulations in
various countries and high unit prices, Segway has not received
a positive response as a product. However, it still inspired the
development of personal vehicles.

In recent years, personal vehicles have been considered a
solution to individual transportation systems in the 21st century
[14]. These vehicles typically feature narrow and tall to apply in
original human space. However, a relatively high center of mass
means it is easy to overturn when receiving lateral force when
turning. So, an active tilt degree of freedom has been considered
a possible solution in the academic field. Commonly, these
narrow and tall vehicles with active tilt degrees of freedom are
referred to as narrow-tilting vehicles (NTV) in the academic
field. Johl et al. designed a three-wheeled tilt mobile and
developed a controller by linearizing its dynamic model [15].
Chiou and Chen designed a four-wheeled NTV with wheels
arranged in a diamond configuration and developed its mode as
a planar multibody system [16]. Kwon et al. also designed a
tiltable robot [17]. Pham et al. developed a balancing ballbot
[18].

The main target of NTV tilting control is to stabilize the tilting
mode so that users can proceed along a predefined trajectory and
minimize the torque required to drive the tilting degree of
freedom. The control methods can be divided into direct tilt
control (DTC) and steering tilt control (STC). DTC adjusts the
tilt angle according to the external state, affecting turning
characteristics such as rotational radius, lateral acceleration,
tangential speed, etc. DTC simplifies the design of the control
system but requires more torque when speed changes. STC
controls the whole system by steer-by-wire, so the steering angle
from users is the primary input and is used to decide the tilting
angle. STC makes it easier for users to track their desired
movement trajectory [15, 19, 20] but needs more torque at low
speeds. Due to the different application characteristics of DTC
and STC, some methods that combine STC and DTC have also
been studied in the academic field. Rajamani et al. designed a
tilt brake system that could combine the advantages of DTC and
STC [21]. Optimizing the tilt controller in the frequency domain
to reduce the transient performance and improve the STC was
also presented [22]. However, relatively few teams studied the
combination of self-balancing and tilt angle control. Most of the
focus is on mechanism design and dynamics behavior. Korea
Aerospace University developed a two-wheeled robot with two
symmetrical mechanism modules [23]. A rack-pinion
mechanism mounted between two modules could achieve active
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tilting motion. Mufioz-Hernandez et al. developed an attitude
control of a two-wheel self-balancing robot [24].
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Fig. 1. The laterally-tiltable and self-balancing two-wheeled robot: (a)
Photo of the robot, (b) the configuration of the robot in tilt, (c) the actively
controllable tilt mechanism, (d) the illustrative drawing of the robot in
normal and tilted postures.

This paper provides a mechanism design of a tilt platform that
could lower tilt control power. According to the tilt mechanism
design, a dynamic model of a two-wheeled robot with an
additional tilt degree of freedom is proposed to analyze the
influence of tilt degree on self-balancing behavior by both
simulation and experiment. Meanwhile, the tilt mechanism is
used to design a turning strategy with different tilt angles.

The rest of the article is organized as follows. Section Il
describes the tilt mechanism design. Section Il reports the
dynamic model of a two-wheeled self-balancing robot model.
Section 1V shows experiment validation of self-balancing and
tilt angle control and develops a tilt-turning strategy. Section V
shows turning results between traditional voltage control and tilt
turning strategy. Section VI concludes this article.

Il. MECHANISM DESIGN OF THE LATERALLY TILTABLE ROBOT

Mobility and agility are the main advantages of a two-
wheeled mobile robot. However, lateral overturning would be
relatively easy when the platform turns while traveling at a high
speed because of a high center of mass. Lowering the center of
mass could improve this issue.

We develop a mechanism to reduce the center of mass by
tilting the robot body. Wheel actuator modules and tilting
mechanism are connected by parallel four-bar linkage, as shown
in Fig. 1(a). The tilting mechanism could control the four-bar
linkage and the whole body of the mobile robot, as shown in Fig.
1(b). A worm drive system was utilized as the tilting control
mechanism, as shown in Fig. 1(c). The motor's power is
transmitted from a set of pulleys to a shaft coaxial with a worm.
Then, the worm drive system would transmit power to tilt the
control input linkage to tilt the four-bar linkage to accomplish
lateral movement of the mobile robot body. Meanwhile, this
design could maintain a stable tilting angle without extra power
or control of the non-back drivable feature of the worm drive
system. To ensure that the mobile platform remains level with

the ground throughout the tilting process, the angle between the
wheel and the ground should follow the angle input of the tilt

TABLE |
THE MECHANISM DESIGN VALUES OF THE ROBOT
Symbol Definition Value

M Mass of robot body (Kg) 27.05
Jo Pitch momentum of inertia of robot body (kgm?) 0.54
| Distance between wheel axis and CoM(m) 0.25
Ju Yaw momentum of inertia of robot body (kgm?) 1.10
m Mass of wheel(Kg) 1.06
r Radius of wheel(m) 0.2
Juw Pitch momentum of inertia of wheel(kgm?) 0.04
n Gear ratio of motor 36
In Pitch momentum of inertia of motor(kgm?) 1.38*10°
Ky Back EMF constant of motor (Volt*sec/rad) 0.03
Rm Motor inner resistor(ohm) 0.32

input bar. We make wheel actuator modules located in the
middle of the wheels, as shown in Fig. 1(d). The final design
could achieve a control tiling angle range of £20 degree. And the
actual mechanism design values are shown in TABLE |

I1l. DYNAMICS MODEL OF THE ROBOT

A self-balancing two-wheeled mobile robot could be
generally simplified into an inverted pendulum model. However,
it would cause the effect of centripetal acceleration by increasing
the distance between the center of mass and the wheel axis.
Besides, the motors of two-wheeled mobile robots must balance
the body posture and achieve forward movement simultaneously,
increasing the difficulty of turning control. Thus, we add a tilting
degree of freedom into a two-wheeled balancing dynamic model.

First, we add a tilt degree of freedom to a general self-
balancing two-wheeled 3D model based on the formulation
reported in [25]. The simplified system is shown in Fig. 2. The
tilt system utilizes a 4-bar linkage, and the tilt angle is a control
input of the system. Dynamic modeling would follow two
assumptions: First, we assume that there would not be any slip
of wheels when the body tilts, which means the wheel would
rotate around the contact point as the axis. Second, the body's
center of mass and moment of inertia would not change when
tilting happens.
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Fig. 2. The simplified inverted pendulum model of the robot: (a) side view,
(b) top view, and (c) front view.

The dynamics modeling symbols are shown in TABLE | and
TABLE II.

The wheel states in the world frame could be presented as
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0 #)= GO0 + 6,50 1)) 1)
TABLE II
THE SYMBOLS OF THE DYNAMIC MODEL OF THE ROBOT
Symbol Definition
fow Friction force between body and wheel(N)
fug Friction force between wheel and ground(N)
6, Pitch angle of robot body(rad)
] Yaw angle of robot body(rad)
v Tilt angle of robot body(rad)
G, O Motor angle right and left(rad)
Burs Ouy Wheel angle of right and left(rad)

Following (1), the contact point of the wheel (Xw, Yw, Zw) could
be present as

(X0 Yo Z,) = (] X, 0, [ Y, dt,0) P
The center of the axis (Xm, Ym, Zm) could be presented as
(X Yor Zy) = (X, +rsinysin g,Y,, —rsiny cosg,rcosy) ©)
The right and left wheel axis centers could be presented as
{(Xr,Yr,Zr) =(X, +3sing,Y, —3cos4,Z,)
(XI'YI’ZI):(Xm_%Sin ¢,Ym+%COS¢,Zm) (4)
Then, the robot's body states can be expressed as
Xy =Xy, + (I, cosy +1,)sin 6, cosg +1, sin y sin ¢
Y, =Y, + (I, cosy +1,)sin 6, sin ¢ -1, sin y cos ¢
Z,=2,+(l,cosy +1,)cos0, (5)

Next, the Lagrange equations of the whole robot body could be
expressed as

d oL oL

aaa) 0~

d oL oL

aaiép)iai 9,

d oL, o

a'e,) 700,

d oL, oL

alop) o™ (6)

The translational energy Ti, the rotational energy T, and the
potential energy U are shown as follows.

T=imX 4+ 4+ 24 X Y+ 2 +AM(X + Y2+ 2
=m(r®0,” +riy? + %2 % 4 r?sin yg? + 2r% sin yd, 9)

+EM[r20,” + 17y + 177 + 2l r cos® yyi® +1sin® yig? + 21l sin? y cos 6,y
+(I,cosy +1,)°60, + (I, cosy +1,)°sin® 0,4 +r°sin® yg” + 2r° sin y6, 6
+2r(l; cosy +1,)c0s6,8,8, + 2Lrsin yd,4+ 2r(l, cosy +1,)sin ysin 0,6,y
= 2rl,sin y sin 6,0,57 — 21, (11+12cos ) sin 6,y
= 2r(l, cosy +1,) cosy sin 6,4y — 2rl, sin 6, sin® ydyr
+2(r +1,)(1, cosy +1,) cos, sin ygd, ]

TZ :%‘]wpérz +%‘]wpélz +%‘]wrl//2 +%‘]wr‘/'/2 +%‘]pép2 +%J¢¢2 +%le//2(7)
+1n°3,0,,-6,) +1n3, (6, -6,)" +1n,2),y”
=10,,(20,7 + 25 4°) + 1,47 +33,6,7 + 13 y7 +11,4° 8

+3n°3,(20, +15 4% - 40,0, +20,°) + 1,73 yi?

U =mgZ, + mgZ, + MgZ,
=2mgrcosy +Mg(rcosy + (I, cosy +1,) cosd,) 9)

Substituting energy terms shown in (7)-(9) into (6), we could
derive quantitative equations of motion of the system:

d, oL, oL
—(Z)-—=F
dt(aew) o0, ™

S[@m+M)r’+23,, +20,23,16, +[Mr(l, cosy +1,)cosg, —2n,°J 16,
+[(2m+M)r? + Mrl, Isin g — Mrl, sin 8, sin 7 — Mr(l, cosy +1,)sin 6,6,
= Mrlsin 8, cosyy* — 2Mrl, cosd, sin @,y +[(2m+ M)r? + Mrl, Jcosygy: = F,

(10)

day o
dtod,” o0, *
= [Mr(l,cosy +1,)cos8, —2n,2J 16, +[M (I, cosy +1,)* + 3, +2n,”J, 14,

+M(r+1,)(I, cosy +1,)cosé, sin wé +Mr(l, cosy +1,)sin 6, sin yyj7

—M(l, cosy +1,) sin 6, cos8,@* + Mr(l, cosy +1,)sin 6, cosy®

= 2M (I, cosy +1,)l, sin w6,y7 + 2M (r +1,)(I, cosy +1,)cosd, cosygyr

—Mg(l, cosy +1,)sin 6, = Fo, (11)
d oL oL
) -—-=F,
dt'og,” 09,

= [(2m+M)r?siny +Mrl,sin 16, + Mr(l, cosy +1,) cosd, sin yd,
+[Emw +2mr?sin®y + M (I, cosy +1,)*sin > 6, + M (r* +1,%)sin >y + J,,
(3, + 1731 = M(r +1,)(1, +1, cosy)sin 0,7
=M (r+1,)(, cosy +1,)sin 6, sin w6, + M (r +1,)I,sin @, sin yy*
+[2[(2m+M)r? +ML,*Isin y cosy — 2M (I, cosy + )1, sin ysin 6, 1gyr
+2M (I, cosy +1,)° sin 8, c0s6,8,6— 2M (r +1,)I, cosé, sin > 6,y
+[(2m+M)r? + Mrl, Jcosy 8,y = F, (12)
—()-—=F,
= —Mrl,sin 6, sin y, + Mr(l, cosy +1,)sin 6, sin 6,
=M(r+1,)(l, +1,cosy)sin 8,4
+[(2m+M)r* + MI* + 2Mrl sin >y cosd, +2Mrl, cos’y +2J,, +J, +n,%J 17
+[Mr(l, cosy +1,)cos@, sin y + M (I, cosy +1,)I, sin y/]ép2
+[M (I, cosy +1,)I,sin? @, siny —[(2m+M)r? + MI,*]sin y cosy14?
+2Mrl, (cos@, —1)sin y cosyyr* — 2Mrl, sin > ysin 6,6,y
—2M (r +1,)(1, cosy +1,)cosd, cospgd, —[(2m+M)r® +Mrl, Jcosyd, é

—2mgrsin y —Mg(rsiny +1,siny cosd,) =F, (13)

In addition, the force terms could be presented as
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F,, =a(V, +V,)—280, +28,
F,, =—a(V, +V,)+26, - 236,
Fy =—alV, -\) -3 A - Sosin ylaty, +V)) ~20, +20,]
E =
Y

Wti|17§W
nK, n KK,
=1, =4t 0. f
a R, s R, bw
n,K n,K,K
}/: }2?&‘ é/: ZRI b+fbw (14)

m m

Note that non-linear terms of the dynamic equation are based
on the robot pitch angle 6, and the wheel speed &, which are
mainly calculated in (10) and (11). The robot yaw and tilt angles
are decided by (12) and (13). We linearize 6, and w at the
nominal balancing configuration (i.e., 0 radius/deg). Finally, the
same state-space of the system as a standard 3D model can be
yielded, as shown in (15). The LQR control is utilized to control
the robot angle &, and test if different tilt angles y would affect
balancing behavior.

6,] To o 1 o e, 0
) 0 o0 0 1 6, 0
X=|.%|= vy A

4,1 10 AB2 AGB3) ABA4)|6,| |BGBY

G,] 10 A@42) A@43) A@44)|06,| B4

' * T E

A(3,2) = —Mgl x E(L,2) / det(E)

AB3) =[-(B+ f,y)xE(2,2) - BxE(L2)]/ det(E)
AB4) =[BxE(2,2) + BxE(1,2)]/ det(E)

A(4,2) = -Mgl x E(L1)/ det(E)

A43) =[(B+ f,,)x E(2]) + Ax EQLL)]/ det(E)
A(4,8) =[-fx E(21) - Sx E(LD)]/ det(E)

B(31) =[ax E(2,2) + ax E(1,2)]/ det(E)
B(41) =[-ax E(21) — & x E(L1)]/ det(E)

_{(m+M)r2+JW+n2Jm

Mrl—n?J
Mrl—n?J

MIZ+J,+n%] (15)

We consider a linearized model of (13) and rewrite it as state-

space form and ignore 2™ order non-linear item as shown in (16):

et atol7}
v AR AR2]y] [B(2)

S
A X, B,

e=m+M)r* +ML*+2], +J, +n,°J,
A (21) =[2mgr+Mg(r +1)]/ &

AR2)==ls

B,2)=yle (16)

Equation (16) reveals that another parameter could not affect the
tilt angle. Because of the tilt mechanism of the worm drive
system, we could quickly form a constant tilt angle to verify if
the tilt angle affects balancing behavior.

IV. EXPERIMENTAL EVALUATION OF THE ROBOT IN SELF-
BALANCING

The tiltable balancing robot was built for experimental
validation, as shown in Fig. 1(a). The tilt mechanism and wheels
are driven by 150W DC brushed motors with incremental
encoders (RE40, MAXON). The main computer is a real-timed

control system (PXI-8110 with 1/O module PCI-7813R,
National Instruments) running at 1kHz. A l-axis rate gyro
(ADXRS620, Analog Device) and a 2-axis inclinometer
(SCAL00T, VTI Technologies) are installed at the center of
mass of the robot, providing the &, measurement for Kalman
filter that gives self-balancing feedback signal. Wheel angle &
is measured by the motor's incremental encoder.

Before the experiments, MATLAB® was utilized to
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Fig. 3. The experimental results of the robot in self-balancing tests without
forward moving. The left column and right column are states, as listed in
TABLE Il, and their derivatives.

construct numerical solutions for the derived dynamic model
and to design a self-balancing controller. The 8., & and angular
velocity states could converge to reference inputs. The
simulation results will be shown with experimental data.

In the balancing experiments, we focus on how the tilt angle
would affect the balancing angle. As mentioned in Section I,
the pitch angle 4, and tilt angle could be described into two
independent systems, so we use 2 separated LQR controller to
control each system. The Q and R parameters are shown in (17).
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In equation (17), Q1 and R; are LQR controller parameters
of dynamic system of equation (15). We set a very larger value

TABLE Il

THE TURNING RADII AND TURNING SPEED OF THE ROBOT USING ACTIVE
CONTROLLABLE LATERALLY TILTABLE MECHANISM
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Fig. 4. The experimental results of the robot in self-balancing tests with
forward moving. The left column and right column are states, as listed in
TARI F | and their derivatives

of &, to make sure it could converge to 0 radius/deg which is the

linearized point as soon as possible.

Fig. 5. The illustrative drawing of the robot in tilt configuration.
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Q2 and Rz are LQR controller parameters of dynamic system
of equation (16). We also set a large value of yto make it could
converge as soon as possible to check if y could affect the
balancing behavior.

In the first experiment, we tested &, from 10 deg to the self-
balancing point of O deg and then controlled the tilt angle from
0 deg back to 10 deg. The result is shown in Fig. 3. The tilt
angley and the angular velocity could quickly converge to the
reference input state. Meanwhile, body pitch angle 6, also
converges to 0 deg. This means that 4, and w can be controlled
separately. However, continuous self-balancing could cause a
steady state of &, and ¢, and their derivatives (i.e., angular
velocities) would also have a steady-state error.

In the second experiment, we also start at &, from 10 deg but
give a specific forward speed to check whether the system can
achieve stable movement. The result is shown in Fig. 4. The
main self-balancing state of &, & and their derivatives could
achieve stable states with steady-state errors, similar to the
simulation results. The tilt angle y would also converge to the
reference input. In contrast, the angular velocity ¢ would have a
state-steady error and cause a continuous body rotation.

According to the Theory of Ground Vehicles [26], this kind
of situation is referred to as a camber, which would happen in a
vehicle with a pneumatic tire. The model of our system with the
chamber can be shown in Fig. 5. The contact point of the
pneumatic tire and the ground would deform and cause a lateral
force on the vehicle body, called camber thrust. The magnitude
of camber thrust is related to tire pressure, the normal force on
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the wheel, etc. Because of the camber thrust, the vehicle would
rotate around point O, extending outward from the center of the
wheel. But in our parallel four-bar linkage tilt mechanism design,
the point O; of the wheel right and the point O, of the wheel left,
would not be the same. The actual rotation center O would be
located between O, and O), which causes one wheel to slip. The
ideal rotation radius of the wheel right and left could be present

as (18).
. w
Ry, =r/sin 1//+E

Roy =r/sin y/f% (18)

To validate the performance of the actively controllable tilt
angle, we designed an experiment with a fixed wheel speed and
a fixed tilt angle to check if the turning radii located at Ror and
Roi. As mentioned, at least one wheel would slip, so we could
not measure the rotation radius directly from odometry. Thus, in
the experiment, a camera was utilized to measure the rotation
radius, as shown in Fig. 6. The results of turning radii are listed
in TABLE I11. We could observe that all rotation radii would be
located between Ror and Rqi. As tilt angle y increase, R would
get close to Ror because of the right wheel would have more
normal force than the left wheel that would happen more slip
than right wheel. From this experiment, we get a turning method
by changing the tilt angle .

V. EXPERIMENTAL EVALUATION OF THE ROBOT IN TURNING

The relationship between the tilt angle and the robot’s
turning behavior was utilized to develop a turning strategy
where the tilt angle control would not affect body self-
balancing control. To evaluate the turning performance using a
tiltable mechanism, the traditional turning strategy of the two-
wheeled robot was also executed, which applies differential
voltages to the wheel motors while keeping the summed voltage
the same. Thus, the two wheels would generate different
torques and actuate the robot to turn while not altering the
forward motion.

Fig. 7 shows the experimental results. We set 6,, to 50 /s
and use 2 different method, differential voltage of 0.5V and tilt
angle of 10° to achieve robot turning.

The robot turning using differential voltages would yield an
unstable turning speed. In addition, the range of pitch angle
would be more extensive than normal movement. When the
turning command was turned off, the balancing of the state of
body pitch and wheel angle would cause vibration. In some
situations, the body pitch could also not converge to a stable
state. In contrast, the robot turning using the tilt mechanism
yielded the same performance as forward motion without
turning. After the turning command was turned off for forward
motion, the state transitions were also smooth. TABLE VI
shows RMS between measurement and reference of 3 body
states. There is not much difference in the RMS value when
using tilt method. However, voltage turning method would
cause a significantly larger RMS value.

The experimental results confirm the effectiveness of the
robot's turning using the proposed tilt mechanism and control.

VI. CONCLUSION

The traditional two-wheeled robots achieve body pitch angle
control and movement using only two motors to fulfill the

TABLE VI
RMS OF TILT AND VOLTAGE METHOD
Tilt Method Voltage Method
State
On Off On Off
6,,(1s) 14.86 14.42 52.62 84.36
0,() 0.66 0.60 1.66 1.14
6,(1s) 2.60 2.01 2.74 6.44
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requirement of personal vehicles as well as to reduce the weight
and the complex transmission systems. The wheel motors not
only manage the body posture but also yield forward movement.
This under-actuated design generates challenges for controller
design. In this case, a simplified inverted pendulum model is
utilized to achieve self-balancing. Owing to the high center of
mass characteristics, the lateral overturning may occur. Thus, an
actively controllable for tilting the robot laterally, can stabilize
the robot.

This work advances the self-balancing two-wheeled robot by
introducing an active tilt mechanism. By analyzing the dynamics,
two independent controller systems of the robot's pitch angle and
tilt angle are obtained. The unmodeled dynamics of the tilt
wheels are utilized as a turning strategy. Due to the non-back
drivable tilt mechanism design, self-balancing and turning
control could be achieved as separate systems. The experimental
results confirm the effectiveness of the tiltable mechanism in the
robot turning.
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