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 Abstract—This paper introduces a novel method for equipment 
calibration using a customized actuated laser cross-beam sensor, 
addressing the tool center point (TCP) calibration challenge in 
robot manipulators used in the automation industry. Unlike 
existing methods which are often complex and expensive, our 
approach effectively integrates TCP calibration with equipment 
calibration, utilizing the least possible robot movements for 
enhanced speed and cost-effectiveness. Our approach has been 
tested through both simulations and actual experiments, yielding 
calibration precision of 0.078 mm and 0.060 mm, respectively. The 
high accuracy underscores the potential of our calibration method 
to improve robotic manipulation in industrial applications. 

 Index Terms—Automated Calibration, Equipment Calibration, 
Laser Interruption Sensor, Robot Manipulator, Tool Center Point 
(TCP) Calibration 

I. INTRODUCTION 

OBOT manipulators are widely used in automation industry 
for their flexibility. Since different tools will be mounted 

for different processes [1], an economical and effective tool 
center point (TCP) calibration method is necessary [2]. In 
addition to TCP calibration, the equipment used for TCP 
calibration itself must also be calibrated relative to the robot’s 
coordinate system before use. Common techniques for TCP 
calibration include vision-based calibration, laser tracker 
systems, interruption-type laser cross-beam sensor [3], etc. Liu 
et al. (2021) present an innovative automatic calibration 
algorithm for robots’ Tool Center Point (TCP) utilizing 
binocular vision [4]. Zhang et al. (2017) introduce a novel 
approach to autonomous robot calibration using stereo vision, 
significantly improving robotic systems' self-calibration 
capabilities [5]. Moeller et al. (2017) explore the implementation 
of real-time pose control in industrial robotic systems for 
machining large-scale aerospace components, demonstrating 
enhanced accuracy through the use of a laser tracker system [6]. 
Aalamifar et al. (2016) developed a framework for automatic 
ultrasound calibration with robot assistance, eliminating the 
need for temporal calibration and reducing calibration time by 
58% compared to manual methods [7]. 

Although numerous methods for TCP calibration exist, they 
are often complex or expensive. Laser cross-beam sensors find 
a good compromise between equipment cost and accuracy [8]-
[11]. For instance, Konolige et al. (2008) developed a compact 
laser distance sensor offering comparable capabilities to laser 
scanners at that time at a significantly lower cost, highlighting 
the cost-effectiveness of laser-based sensing technologies for 
consumer robot platforms [8]. The conventional approach 
installs the tool calibration equipment with a known relationship 
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with respect to the robot inertial frame so that the TCP offset can 
be obtained [12][13]. However, they less frequently address the 
calibration of the equipment itself. The setup for the calibration 
equipment can be costly and time-consuming [14]-[17].  

Therefore, this study developed a novel equipment 
calibration method using a customized actuated laser cross-
beam sensor. The features of this calibration method are: 

1. It simultaneously accomplishes TCP calibration while 
calibrating the coordinate systems between the robot 
and the equipment. 

2. It utilizes the least possible robot movements, ensuring 
both speed and cost-effectiveness. 

The structure of this paper initially defines the problem in 
mathematical terms, then progressively introduces the 
calibration algorithm developed in this study. Finally, the 
effectiveness of the algorithm is validated through simulations 
and actual experiments, with the calibration accuracy being 
quantified. For convenience, TABLE I represents the 
nomenclature of this paper. 

TABLE I 

NOMENCLATURE OF THIS PAPER 

Notation Definition 

B Base of the robotic arm 

F Flange of the robotic arm 

R Intersection point of the cross-beam lasers 

S Base of the laser cross-beam sensor 

{𝐵} Coordinate frame 𝐵 

𝐻𝑆
𝐵 Homogeneous transformation matrix, {𝑆} relative to {𝐵} 

𝑅𝑆
𝐵 Rotation matrix, {𝑆} relative to {𝐵} 

𝑌−1, 𝑌𝑇 Matrix 𝑌 inverse and transpose 

𝑝𝑆
𝐵 Position vector, {𝑆} relative to {𝐵} 

𝑡𝐵 Vector 𝑡 in coordinate frame {𝐵} 

𝑡𝑥
𝐵

 x component of 𝑡𝐵 

∆𝑡𝐵 Difference of 𝑡𝐵 

‖∆𝑡𝐵‖ Magnitude of ∆𝑡𝐵 

𝛿 Measurement error of the laser cross-beam sensor 

𝛼, 𝛽, 𝛾 Euler angles (unit: deg) 

 

II.  PROBLEM FORMULATION 

The equipment calibration problem can be visualized as 
shown in Fig. 1, featuring a six-axis robotic arm and a 
customized actuated laser cross-beam sensor. The sensor is 
equipped with a pair of intersecting laser beams and a circular 
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sensing area with a 210 mm diameter, possessing three 
translational degrees of freedom (DOF) and a rotational DOF 
perpendicular to the ground. We employ Denavit-Hartenberg 
parameters [18] to construct homogeneous transformation 
matrices for coordinate transformation. maps the robot base {𝐵} 

to the robot flange {𝐹} , 𝐻𝑅
𝑆  maps the sensor base {𝑆}  to the 

intersection point of the cross-beam lasers {𝑅}, and so forth. It 

is assumed that 𝐻𝐹
𝐵  and 𝐻𝑅

𝑆 are known, and the movements of 
both devices are error-free. However, the laser beams exhibit a 
0.03 mm error. 

The goal is to determine the homogeneous transformation 
matrix 𝐻𝑆

𝐵  for equipment calibration when a tool with an 
unknown offset 𝑡𝐵 with respect to {𝐵} is mounted on the flange. 
𝐻𝑆

𝐵  encompasses a rotation matrix 𝑅𝑆
𝐵 and a position vector 𝑝𝑆

𝐵. 
This is accomplished through a series of designated robot 
movements and the interruption signals observed from the laser 
cross-beam sensor.  

In summary, the objective and conditions of this study are 
as follows: 

• The objective is to determine the unknown 𝐻𝑆
𝐵 . 

• 𝐻𝐹
𝐵  and 𝐻𝑅

𝑆 are known. 

• 𝑡𝐵 is unknown. 

• The movements of the robot and the sensor are error-
free. 

• The sensor has a measurement error of 0.03 mm. 

 

Fig. 1.  Relationship between the robot and the laser cross-beam sensor 

III. METHODOLOGY 

This study introduces an algorithm for equipment calibration 
as shown in Fig. 2. The process can be divided into two stages. 
The first stage calibrates three Euler angles (denoted as 𝛼, 𝛽, 𝛾, 
as illustrated in Fig. 3) of 𝑅𝑆

𝐵  by comparing the robot 
translational motion and the projected components in the sensor 
coordinate. In the second stage, the tool offset 𝑡𝐵 is computed. 
Once 𝑡𝐵  is found, 𝑝𝑆

𝐵  can be determined using vector algebra 
from the closed-loop configuration shown in Fig. 1. 

Throughout the equipment calibration process, the laser 
cross-beam sensor repetitively utilizes its four-axis motion to 
locate the tool center point (TCP). To prevent collision between 

the two devices, the sensor’s planar translation in any direction 
is limited to a quarter of the sensing range’s diameter, i.e., ±52.5 
mm. Additionally, the TCP must remain within the circle that 
has a diameter half that of the sensing area, which can be 
determined by the interruption signal’s duration when the sensor 
rotates at a constant speed, as illustrated in Fig. 4. The TCP’s 
position is determined by initially employing the bisection 
method to identify the tool’s lowest point, followed by scanning 
the tool from both horizontal axes, as depicted in Fig. 5. By 
selecting the midpoint of the interruption signal, the TCP’s 
planar position is determined. 

 

Fig. 2.  Equipment calibration process 

 

Fig. 3.  Euler angles 𝛼, 𝛽, 𝛾 , where axis 𝑛̂  is defined as the common 

perpendicular to the axes 𝑧̂𝐵 and 𝑧̂𝑆 

A. Tip and tilt angles 

As shown in Fig. 6, to determine the tip angle 𝛼 and tilt angle 
𝛽, the robot moves {𝐹} along an arbitrary vector 𝑣𝐵 that lies on 
the xz-plane or yz-plane of {𝐵}, and the sensor measures the 
TCP’s displacement as vector 𝑣𝑆. By decomposing these vectors, 

i.e.,𝑣𝐵 = [𝑣𝑥
𝐵 𝑣𝑦

𝐵 𝑣𝑧
𝐵]

𝑇
, 𝑣𝑆 = [𝑣𝑥

𝑆 𝑣𝑦
𝑆 𝑣𝑧

𝑆]
𝑇

, 𝛼  and 

𝛽 can be determined using trigonometric functions (1) and (2), 
where 0° ≤ 𝛼 ≤ 360°, 0° ≤ 𝛽 ≤ 90°. 

 𝛼 = tan−1 (
𝑣𝑦

𝑆

𝑣𝑥
𝑆) (1) 

𝛽 = tan−1 (
𝑣𝑧

𝑆

‖[𝑣𝑦
𝑆 𝑣𝑥

𝑆]
𝑇

‖
) − tan−1 (

𝑣𝑧
𝐵

‖[𝑣𝑦
𝐵 𝑣𝑥

𝐵]
𝑇

‖
) (2) 

To minimize the impact of the 0.03 mm error of the laser 
beams (denoted as 𝛿), we intentionally move the robot along a 
planar vector rather than a simpler axial vector. Equations after 
considering the errors are shown in (3)-(5). For instance, if the 
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TCP moves along the z-axis, considering normal cases that the 
relative rotation before calibration is not expected to be 
significant, e.g., 𝛼, 𝛽~1°, both 𝑣𝑥

𝑆 and 𝑣𝑦
𝑆 would be minimal. 

Hence, 𝛼 is significantly affected by 𝛿1 and 𝛿2, whereas 𝛽, due 
to the relative large 𝑣𝑧

𝑆, is less impacted by the errors. Thus, 
choosing an arbitrary planar vector increases either 𝑣𝑥

𝑆 or 𝑣𝑦
𝑆, 

reducing the error’s impact on 𝛼. 

 −0.015 ≤ 𝛿 ≤ 0.015, 𝛿 ∈ [𝛿1 𝛿2 𝛿3]𝑇 (3) 

 𝛼 = tan−1 (
𝑣𝑦

𝑆+𝛿2

𝑣𝑥
𝑆+𝛿1

) (4) 

𝛽 = tan−1 (
𝑣𝑧

𝑆 + 𝛿3

‖[𝑣𝑦
𝑆 + 𝛿2 𝑣𝑥

𝑆 + 𝛿1]𝑇‖
) 

  − tan−1 (
𝑣𝑧

𝐵

‖[𝑣𝑦
𝐵 𝑣𝑥

𝐵]
𝑇

‖
)  (5) 

 

Fig. 4.  When the sensor rotates at a constant speed, the interruption signal’s 

duration 𝑃𝑥 varies depending on the TCP's position due to the fixed width of the 

laser beam (i.e., 𝑃1 > 𝑃2 > 𝑃3) 

 

Fig. 5.  Locating TCP’s lowest point and its planar position 

 

Fig. 6.  Determining the tip angle 𝛼 and tilt angle 𝛽 

B. Rotation angle 

The method for determining the rotation angle 𝛾 is similar to 
that for determining angles 𝛼 and 𝛽, as shown in Fig. 7. After 
calibrating the tip and tilt angles, i.e., 𝛼, 𝛽 = 0°, the robot moves 
{𝐹} along an vector 𝑤𝐵 on the x-axis or y-axis of {𝐵}, and the 
sensor measures the TCP’s displacement as vector 𝑤𝑆  with 
respect to {𝑆} . By decomposing these vectors, i.e., 𝑤𝑆 =

[𝑤𝑥
𝑆 𝑤𝑦

𝑆 𝑤𝑧
𝑆]

𝑇
 , 𝛾  can be determined using (6), where 

0° ≤ 𝛾 ≤ 90°. 

 𝛾 = tan−1 (
𝑤𝑦

𝑆

𝑤𝑥
𝑆) (6) 

 

Fig. 7.  Determining the rotation angle 𝛾 

C. Planar translation 

The following steps of the calibration of planar translation 
and offset in height are done after the calibration of the Euler 
angles. The planar translation of 𝑡𝐵 , i.e., 𝑡𝑥

𝐵  and 𝑡𝑦
𝐵 , is 

determined in this step, as shown in Fig. 8. After the calibration 
of the Euler angles, the robot rotates {𝐹} around an axis that 
intersects the origin of {𝐹} and is parallel to the z-axis of {𝐵}, 
causing the TCP to trace a circular arc trajectory. Throughout 
this movement, the sensor records multiple planar coordinates 
(𝑥𝑗 , 𝑦𝑗) of the TCP, where 𝑗 = 1,2,3, … 𝑛. This study utilized 

these coordinates to derive the center of the arc (𝑥𝑐 , 𝑦𝑐) using 
least squares fitting [19]. Equation (7) is the general form of a 
plane circle, where 𝑐1 , 𝑐2 , and 𝑐3  are constants that are 
determined using (8) and (9). (𝑥𝑐 , 𝑦𝑐) and the radius of the arc 𝑅 
can then be computed using (7), as listed in (10). Noted that 𝑥𝑐 
and 𝑦𝑐 can be expressed as vectors with respect to {𝑆}, i.e., 𝑥𝑐

𝑆 

and 𝑦𝑐
𝑆. These are transformed to 𝑥𝑐

𝑅 and 𝑦𝑐
𝑅 using 𝐻𝑅

𝑆. When 

the TCP aligns with the origin of {𝑅}, 𝑡𝑥
𝐵 and 𝑡𝑦

𝐵 are obtained 

as 𝑡𝑥
𝐵 = −𝑥𝑐

𝑅 and 𝑡𝑦
𝐵 = −𝑦𝑐

𝑅, respectively. 

 𝑥𝑗
2 + 𝑦𝑗

2 + 𝑐1𝑥𝑗 + 𝑐2𝑦𝑗 + 𝑐3 = 0 (7) 

  𝑋 = (𝑌𝑇𝑌)−1𝑌𝑇𝑍 (8) 

 𝑋 = [

𝑐1

𝑐2

𝑐3

] , 𝑌 = [

𝑥1 𝑦1 1

⋮
𝑥𝑛 𝑦𝑛 1

] , 𝑍 = [
−(𝑥1

2 + 𝑦1
2)

⋮
−(𝑥𝑛

2 + 𝑦𝑛
2)

] (9) 

 𝑥𝑐 = −
𝑐1

2
, 𝑦𝑐 = −

𝑐2

2
, 𝑅 = √

𝑐1
2+𝑐2

2−4𝑐3

4
 (10) 

However, subsequent simulations have revealed that errors 
in 𝑡𝑥

𝐵 and 𝑡𝑦
𝐵 can reach up to 1.22 mm. A plausible explanation 

is the initial planar position of {𝐹}, i.e., (𝑥𝑐 , 𝑦𝑐), being distant 
from the origin of {𝑅}, which leads to a small rotation angle of 
the TCP due to the limited sensing range. The smaller rotation 
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angle results in a more constrained distribution of (𝑥𝑗 , 𝑦𝑗) across 

the entire circle, which potentially undermining the accuracy of 
the fitting outcomes [20], as illustrated in Fig. 9. To address this 
issue, our research introduces an iterative method to increase the 
rotation angle and improve the fitting accuracy, as illustrated in 
Fig. 10. After the initial calculation of 𝑡𝑥

𝐵  and 𝑡𝑦
𝐵 , the robot 

moves {𝐹} to make the planar translation zero, i.e., 𝑡𝑥
𝐵 = 0 and 

𝑡𝑦
𝐵 = 0, and then repeat the process of determining the planar 

translation. Despite substantial errors in the initial 𝑡𝑥
𝐵 and 𝑡𝑦

𝐵, 

iteration can greatly reduce the planar distance between {𝐹} and 
{𝑅}, increase the rotation angle, and thus reduce the error in the 
circle fitting algorithm. Subsequent simulations and experiments 
have confirmed the effectiveness of this iterative method. 

 

Fig. 8.  Determining the planar translation of 𝑡𝐵 with respect to {𝑆} by least 

squares fitting [19] 

 

Fig. 9.  A small circular arc trajectory of the TCP (the red section). Under the 

influence of measurement errors from the laser sensor, the calculated centor of 

the circle (𝑥𝑐, 𝑦𝑐) could potentially be either 𝑃𝑐1 or 𝑃𝑐2, resulting in significant 

error 

 

Fig. 10.  The initially computed radius, 𝑅̂1, may exhibit a large bias relative to 

the theoretical value 𝑅1. As 𝑅2 decreases following the iterative process, the 

rotation angle increases, thereby enhancing the calculation accuracy 

D. Offset in height 

The tool offset in height, i.e., 𝑡𝑧
𝐵, is computed based on the 

premise that both the robot and the sensor share a common plane, 
as shown in Fig. 11. Knowing the heights of {𝐹} and {𝑅}, the 
value of 𝑡𝑧

𝐵 is derived through subtraction. 

 

Fig. 11.  Determining the tool offset in height 𝑡𝑧
𝐹 assuming that both devices 

share a common plane 

IV. SIMULATION 

In this research, MATLAB simulations were conducted for 
equipment calibration, with the assumption that the laser beams’ 
0.03 mm error follows a normal distribution. After specifying 
reasonable theoretical values for Euler angles and 𝑡𝐵 , the 
simulation results are shown in TABLE II and TABLE III. 
TABLE II shows errors in tip and tilt angles under 0.004 
degrees and in rotation angle 0.308 degrees, validating the 
accuracy of the proposed Euler angle calibration approach.  
TABLE III shows the simulation results of computing 𝑡𝐵 , 
noting that before iteration, the error in planar translation 
reached up to 1.22 mm. However, following a single iteration, 
the errors in planar translation were significantly reduced to 
0.024 mm. 

TABLE II 

SIMULATION RESULTS OF EULER ANGLE CALIBRATION (UNIT: DEGREE) 

 Theoretical Values Simulated Values Errors 

α  0.05 0.054 0.004 

β  0.08 0.082 0.002 

γ  30 29.692 -0.308 

 

TABLE III 

SIMULATION RESULTS OF TOOL OFFSET CALIBRATION (UNIT: MM) 

Before iteration 

 Theoretical Value Simulated Value Error 

𝒕𝒙
𝑩 188.426 189.649 1.223 

𝒕𝒚
𝑩 233.443 234.636 1.193 

𝒕𝒛
𝑩 -288.541 -288.496 0.045 

‖∆𝒕𝑩‖ - - 1.709 

After iteration 

 Theoretical Value Simulated Value Error 

𝒕𝒙
𝑩 -1.223 -1.207 0.016 

𝒕𝒚
𝑩 -1.193 -1.169 0.024 

𝒕𝒛
𝑩 -416.237 -416.165 0.072 

‖∆𝒕𝑩‖ - - 0.078 
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In the calibration of tool’s planar translation, excessive 
errors can potentially lead to collisions during iterative process. 
To address this, our study conducted simulations of planar 
translation steps 50,000 times each for different theoretical 
values of 𝑅 and the corresponding maximum possible rotation 
angles, as illustrated in Fig. 12. Samples from each set of 50,000 
simulations, i.e., the green data, show that nearly all samples 
are within 3 standard deviations, consistent with the empirical 
rule. This indicates that the error margins of planar translation 
can be predicted through the empirical rule, allowing for a 
corresponding reduction in sensor height prior to the iterative 
process to avoid collisions. 

 

Fig. 12.  The error margins of planar translation are consistent with the 

empirical rule in the simulation environment 

V.  EXPERIMENT 

In the practical experiments, a YASKAWA MOTOMAN-
GP12 robot was employed, coupled with the customized laser 
sensor. One difference from the methodology was that there was 
an immovable block beneath the robot due to environmental 
setup constraints. Without the precise specifications of this block, 
the original method for determining tool offset in height could 
not be applied. Consequently, this study utilized a reference tool 
with known height mounted on the flange to calibrate the offset 
in height. 

This study designed an experiment to validate the 
effectiveness of the least squares fitting and the iterative 
approach in the calibration process of planar translation, as 
shown in Fig. 13. In the experiment, the calibration process of 
planar translation was conducted with three different flange 
inclinations 𝜃𝐹 , i.e., different magnitude of the tool’s planar 
offset, to simulate the iteration process. The errors between the 
experimental and theoretical values of the tool offset were 
recorded as shown in Fig. 14. It was observed that lower values 
of 𝜃𝐹 , i.e., smaller tool’s planar offset, yielded more precise 
calibrations, with ‖∆𝑡𝐵‖ being reduced to less than 0.060 mm in 
the experiment. The results show that the iterative approach can 
increase the accuracy of the circle fitting algorithm. 

In the experiment, it is noteworthy that ‖∆𝑡𝐵‖ is smaller by 
0.018 mm compared to that in the simulation. This study 
proposes two potential reasons for this difference. Firstly, the 
difference falls within the measurement error range of the laser 
sensor, which is 0.03mm. Secondly, the experiment has focused 

only on the calibration of relative translation, with relative 
rotation being manually calibrated using external instruments in 
the first place. In contrast, in the simulation, the calibration of 
relative rotation is performed before the calibration of relative 
translation, implying that errors in the calibration of relative 
rotation may impact the results of relative translation. This 
difference could explain why ‖∆𝑡𝐵‖ in the simulation is larger 
than that in the experiment. 

Finally, this study implemented a complete equipment 
calibration process using a tool with an unknown vector. After 
the calibration, the robot moved around with the position of the 
TCP being fixed, as demonstrated in Fig. 15. 

 

Fig. 13.  Experiment of the planar translation calibration by varying the flange 

inclinations 𝜃𝐹 

 

Fig. 14.  Experiment results of planar translation calibration 

 

Fig. 15.  Demonstration after the whole equipment calibration process 
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VI. CONCLUSION 

This study designed an experiment to validate the 
effectiveness of the least squares fitting and the iterative 
approach in the calibration process of planar translation, as 
shown in Fig. 13. In the experiment, the calibration process of 
planar translation was conducted with three different flange 
inclinations 𝜃𝐹 , i.e., different magnitude of the tool’s planar 
offset, to simulate the iteration process. The errors between the 
experimental and theoretical values of the tool offset were 
recorded as shown in Fig. 14. It was observed that lower values 
of 𝜃𝐹 , i.e., smaller tool’s planar offset, yielded more precise 
calibrations, with ‖∆𝑡𝐵‖ being reduced to less than 0.060 mm in 
the experiment. The results show that the iterative approach can 
increase the accuracy of the circle fitting algorithm. 
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